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Percolation theory is often used to model intergranular or transgranular phenomena in polycrystals by
treating low- and high-angle interfaces as strong and weak links, respectively. Here we demonstrate that
triple-junction coordinations and percolation thresholds of such interfacial networks are significantly different
from those of randomly assembled lattices, which invalidates the use of standard percolation theory for these
problems. This departure is due to local crystallographic constraints for low- and high-angle boundary coor-
dinations at triple junctions, which we understand here thrdugivo-dimensional simulations of polycrystals
with various textures angi) an analytical model using local transition probabilities. Both methods capture the
tendency for high-angle boundaries to cluster, and the computational method also provides percolation thresh-
old values for general and fiber-textured microstructures.
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[. INTRODUCTION tion matrix M, the grain boundarie&, B, andC that coordi-
nate a triple junction must obey the crystallographic con-
Percolation theory is widely used to describe the structurestraint
and properties of polycrystalline materials, particularly for
properties governed by interfaces that may be reasonably MaMgMc=1, 1)
modeled as a network of “strong links” and “weak links” in
the microstructure. Both intergranular and transgranulawhereMy is the misorientation matrix of boundadyand|
transport problems have been addressed in the framework &f the identity matrixé®
percolation theory and relate to nearly every field of con- In polycrystalline ensembles, the properties of interfaces
densed matter physics and materials science: are largely derived from their misorientations, so the classi-
(i) Intergranular processes are those controlled by théication of interfaces as “strong” or “weak” links is context
transport of chemical species or defefits., cracky along  dependent. For example, low-angle interfaces may be
the grain boundaries and include cracking,corrosion?™®  deemed favorable, and therefore any interface with a disori-
electromigration®*! dynamic embrittlement?®® grain  entation below a given threshold value will be labeled as a
boundary wetting? surface segregationi,and conductivity ~ strong link, while all other interfaces are labeled as weak
of dispersed ionic conductot§. links. Other schemes may classify interfaces based on their
(i) Transgranular phenomena are those in which ability to transmit dislocation slip between neighboring
transport process occurs across the interfacial network, irgrains®=32or on their proximity to a coincidence site lattice
cluding conductivity”*® superconductivity®=?® cleavage (CSL) relationship®*=*°In any of these cases, the constraint
cracking®*~2®and magnetoresistanée. of Eq. (1) must hold, but the details of connectivity among
In the two-dimensional2D) approximation, intergranular strong- and weak-link interfaces will depend upon the clas-
phenomena have been modeled with a standard bond percsification scheme used. To date, the effect of crystallographic
lation approach, while transgranular phenomena are modelegbnstraints on the percolation behavior of interfacial net-
within the same framework using the concept of the duaworks has only been appreciated for the case where inter-
lattice?® In nearly all probabilistic and percolation-based faces are classified as C$&trong link or non-CSL(weak
models of microstructures such as those cited above, the ifink). In this case, the deviations from standard percolation
terfacial networks are modeled on a random basis, whertheory were first suggested by unexpected correlations
bonds are assigned as strong or weak links, using only themong CSL and non-CSL boundaries at triple junctigres,
fraction of each type as a microstructural state variable. Théhe triple-junction distributionobserved in experiment§:3’
assumption that bonds are randomly assigned is fundamentabbsequent Monte Carlo simulations of 2D microstructures
to standard percolation theory, and it has only recently beeimcorporated crystallographic constraints for CSL boundaries
appreciated that interfacial networks in polycrystalline en-and identified the percolation threshold for a continuous path
sembles cannot be described in this way due to intrinsic coref non-CSL boundaries to bg.~0.4—0.5(Ref. 39, greater
relations imposed by crystallographic constraints. These corthan the threshold on a random lattigg~0.347.
straints result in a network of grain boundaries that is Although the above works on networks of CSL grain
distinctly different from a randomly assembled network byboundaries have demonstrated the inadequacy of standard
requiring that interfacial misorientations be conservedpercolation theory for interfacial networks, the results cannot
around any closed circuit through the microstructure. Thide easily generalized to other interfacial classification
condition imposes a constraint around any triple junction inschemes. For example, the common division of grain bound-
the microstructure; for interfaces described by a misorientaaries into low- and high-angle varieties is known to correlate
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with changes in their structure, energetics, and properties fo Space 0,
virtually any material. With the exception of our recent pre- _Symbol Material Group  (deg) Reference
liminary report about percolation in tetragonal o Nickel Fm3m 15 ;“5‘
superconductor® no works have identified the role of crys- 4 Nickel Fmdm 13 .
tallographic constraints on the connectivity and percolation f E:zt: gzgﬁ 145 50
behavior of low- and high-angle grain boundary networks. g Nickel Fm3m 10 54
The purpose of this paper is therefore to present a systemati g Nickel Fm3m 7 50
exploration of these issues for cubic, hexagonal, and tetrag w Nickel Fm3m 5 56
onal polycrystals assembled in two-dimensional lattices. In & Nickel Fm3m 10 %
Sec. Il, we first present a survey of existing experimental < 8090 Al-Li alloy Fm3m 15 ;‘T
data collected on many different materials of various sym- 8 Aluminum 5052 Fm3m 15 .
metries, whose interfaces are classified as being either low o E‘ Sll;tllﬁ]'m 1122%2 15 57
high angle. Extracting the experimental triple-junction distri- Fe-35A1-4.3Cr-0.1Zp- - "
butions from these materials, we demonstrate that they ar v 0.05B Pm3m 15
nonrandom and motivate the need for a crystallographically ® (Bi,Pb),Sr,Ca,Cu;0,  4/mmm 15 v
consistent theory of interfacial networks. In Sec. lll, we 4 (Bi,Pb);SriCa;CusOy 14/mmm 15 N
present computer simulations that rationalize the experimen —Y. YBa,Cus0, Pmnm 10
tal data and_ identify the percolation thresholds for interfacial o 02 o4 P 06 08 1 0 02 o4 P 06 o8 1
networks. Finally, in Sec. IV, we develop a closed-form ana- ! — — 1
lytical solution for the triple-junction distribution in a crys- osl 1 los
tallographically constrained fiber-textured polycrystal. Both ‘
the simulations and analytical model provide physical insight o6+ 1t 10.6
into how local constraints influence the global network % iy N %
topology. 041 1t \ 104
R
02t 4 1t \: 102
Il. SURVEY OF EXPERIMENTAL GRAIN BOUNDARY N
NETWORKS ? — —* <1>
The triple-junction distributioff 3849-43s a statistical de-
scription of the interfacial network connectivity and is given ~ ®%] I 108
by the fraction of junctions);, which are coordinated by 061 I lo6
(=0, 1, 2, or 3 low-angle boundaries. In a random assem-/, v )
blage of boundaries where each has the same probgbity 0AT r . 104
being low angle, the complete triple-junction distribution is ozl 4 w \ | | A Loa
given by ' 47 L S '
Jo=(1-p)3, (2a % o2 oa , 06 08 1 0 02 04 ) 05 08 1
J;=3p(1-p)?, (2b) FIG. 1. Triple-junction distributions from existing experimental
data (pointg, covering a range of materials and crystal systems,
J,=3p%(1—p), (20 including pure metals, intermetallic alloys, and superconducting ox-
ides, with low-angle threshold$, between 4° and 15°. These data
Ji= p3_ (2d) are compared to the triple-junction distribution for a random assem-

S ) o ~ blage of boundaries as given by E@) (solid lines.
This distribution is shown by the lines in Fig. 1. To ascertain

whether experimental microstructures follow this distribu-h b licitl d before for th £
tion, we have acquired the triple-junction distribution from Nave never been explicitly noted betore for the case of low-

experimental microstructures presented by other researche?gd high-angle interfaces, and are symptomatic of an under-
studying low- and high-angle grain boundary netwd¥ke’ lying top_o_log|cal constraint which affects the local interfacial
The experimental data in Fig. 1 were taken from a wideConnectivity. These data underscore the fact that standard
variety of materials and crystal systems, including pure metPercolation models cannot be applied to networks of low-
als, intermetallic alloys, and superconducting oxides. Addiand high-angle interfaces; instead, new crystallographically
tionally, the definition of what constitutes a low-angle consistent models are required, as discussed below.
boundary varies among these studies, with the disorientation

thresholdé, ranging from 4° to 15° as noted in the legend.

Despite these differences, these independent data sets all lie [ll. COMPUTATIONAL MODEL

on reasonably common trend lines in Fig. 1. Furthermore,
the collected data clearly do not follow the expected random
distribution, showing a significant reduction &5 junctions To study the network topology and percolation behavior
and a concurrent increase Jg junctions. These deviations of low- and high-angle grain boundaries in polycrystalline

A. Simulation procedures
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ensembles, we construct two-dimensional lattices in which (a)

each grain has six nearest neighbors and all nodes of the
interfacial network are triple junctions. The crystal structure

of the grains was taken to be either cubic, hexagonal, or
tetragonal, and one of two different methods was used to
assign orientations to each grain:

(i) In the first method, all grains were initially assigned
the same orientation and then individually rotated randomly (©)
within a prescribed tolerancé,,,, about a common, high-
symmetry axis. The resulting microstructures resemble per-

fect fiber textures and can be compared with, e.g., epitaxial \

films or extruded materials. As will be seen later, this sim-
plified microstructure also admits an analytical solution for
the triple-junction distribution.

(i) In the second method, each grain was assigned an 06 A ' ' ©
orientation within a prescribed tolerangg,,, of a reference \(d)
orientation, in such a manner as to give uniform coverage of 0.5 1
orientation space within the region prescribeddyy,,. This
procedure creates a single, unspecified texture component in 0.4 .
the structurge.g., a “cube texture” in cubic latticesSince z . i
many textures can be described as superpositions of just a § LA i
few select components, this case allows ready extension to g 031 © w‘\'
many practical situations and is also expected to compare = e T,
with the experimental data assembled above. 0.2 (b) ™%, 7
In the discussion to follow, we refer to the above cases as S,
“fiber texture” and “general texture,” respectively. For both 0.1 F ?;)-'-’ -------- 3';::2‘::::: """ e
cases, the strength of the texture was controlled through the Te, e
choice of ¢y, With smaller values promoting sharper tex- , T T,
tures. Grain boundary disorientatioisvere found for each OO 10 20 30 40

grain boundary in the interfacial network from the known
orientations of adjacent graitfsand then classified as either
low or high angle for disorientations, respectively, below or G, 2. (100) pole figures for fiber-textured tetragonal polycrys-
above a given threshold,. For most of what follows, we tals with ¢,,,,=45° (a), 20° (b), 13° (c), or 7° (d). The disorienta-
have used the typical valug=15°, although other values tion angle distributions that correspond to each texture are given in
from 2° to 10° have also been considered in some computge).
tions. Once the binary characterization of boundaries was
complete, a standard Hoshen-Kopelman algorithm was used The evolution of the texture as described above also in-
to identify and track grain boundary clustéfsSeveral hun-  fluences the two-point misorientation distribution of the
dred lattices were constructed, and the percolation threshosimulated polycrystals, as shown by the grain boundary dis-
was taken to be the low-angle fraction where half of theorientation angle distributions in Fig.(@. When ¢y iS
lattices contained a percolating cluster. By increasing the sizemall[Fig. 2(d)], nearly all of the boundaries have disorien-
of the lattice to 1000 grains per side, this approach allowedations less than 15°. As.,, increases, the fraction of
the percolation threshold to be determined with an accuracpoundaries with low disorientation angles decreases, corre-
of +0.005. sponding to a weakening of the texture. In these fiber-
textured microstructures, where grain rotation occurs around
o ) a common axis, the maximum disorientation between grains,
B. Characterization of simulated structures @y, is given by the symmetry of that axis; e.g., there are
The two-dimensional microstructures produced by thet30° of unique orientation for rotation about tleaxis in
above procedures are characterized principally by the ondexagonal polycrystals anti45° in cubic or tetragonal poly-
point statistical distribution of grain orientations, as illus- crystals. If the rotational tolerancg,, is less than half of
trated in standard pole figures. The control parameigr, Oy, the disorientation distribution is essentially a sloped
directly dictates the sharpness of the texture as shown in Fidine that intersects the horizontal axis apgax. When 2p .,
2, where typical discret¢100) pole figures are given for exceedsd,,, the disorientation distribution begins to level
simulated fiber-textured tetragonal polycrystals with variousoff, such that for very highp,,.y, the distribution is uniform.
values ofdax. At high values ofé .y, a typical fiber tex- The simulated microstructures with general textures are
ture exists in the materidlFig. 2@], and lower values of also characterized by the same statistical distributions. In
dmax Promote a sharpening of the texturgigs. 4b) and  Fig. 3, typical discret¢001) pole figures are given for simu-
2(c)], until there is almost no misalignment between graindated cubic polycrystals with various valuesgf,,,. At high
[Fig. 2(d)]. values ofp .« [Fig. 3@)], a nearly random texture exists in

Disorientation angle 6 (degrees)
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tals with ¢,,,=95° (a), 28° (b), 16.5°(c), or 7° (d). The disorien- — ] _
tation angle distributions that correspond to each texture are given F!G- 4. (10D) pole figures for general texture in hexagonal

in (e), along with the Mackenzie distribution for randomly oriented Polycrystals with¢na,=95° (a), 28° (b), 16.5°(c), or 7° (d). The
cubic polycrystalgRef. 60. disorientation angle distributions that correspond to each texture are

given in (e), along with the Morawiec distribution for randomly

the material, and as before, lower valuesfgf,, sharpen the ~oriented hexagonal polycrystalRef. 63.
texture[Figs. 3b) and 3c)] until a strong cube texture re-
sults for very low ¢pay [Fig. 3(d)]. The evolution of the systems show similar behavior, with a minimum grain rota-
general textured microstructures may also be seen througﬂbn of 7.5° required before there are any high-ang|e bound-
the disorientation angle distributions in FigeB Unlike the  aries in the microstructure. Although the form of the curves
case of a fiber texture where high valuesdgfa resulted in i Fig. 5 changes with the definition of a low-angle boundary
a uniform distribution, here an increase ¢fyax shifts the  (j.e. with choice off,), the important point illustrated here is
distribution toward the Mackenzie distribution for randomly that there is a well-defined and monotonic relationship be-
oriented cubic polycrystaf¥.A similar evolution of the tex-  tween the texture of the simulated polycrystals and their low-
ture and disorientation distribution in poncrystaE with hex- angle boundary fraction. This intuitive result has been
agonal symmetry can be seen in Fig. 4. Here the (QQdole = reached by several prior investigators using similar
figures show a single texture component that sharpens witsimulations*®>~%*and has an important implication for the
decreasingpax and the concomitant shift of the disorienta- study of network topology to follow. Specifically, percolation
tion angle distribution toward that of randomly oriented hex-theory is framed explicitly in terms of the fractignas well
agonal polycrystal§! as its complementgj=1—p. Because is simply related to
The relationship between the texture and grain boundaryhe texture as in Fig. % can be regarded, for the purposes of
character is summarized in Fig. 5. Here the sharpness of thdiscussion, as the “control parameter” with respect to the
texture is given by the rotational tolerangg,,,. Similarly,  topology of the resulting grain boundary network. Therefore,
the misorientation distribution has also been collapsed into @ what follows, p is used as the principal descriptor of our
single parametep, the fraction of low-angle boundaries. As simulated interfacial networks, and it should be remembered
shown in Fig. 5 for tetragonal, hexagonal, and cubic poly-that p is monotonically related to the sharpness of texture.
crystals with low-angle threshold,=15°, all of the crystal Our simulations and analytical developments that follow will
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FIG. 5. Low-angle fractiorp as a function of the sharpness of
texture, given by the rotational toleraneg,,,, for polycrystals
with cubic, hexagonal, and tetragonal symmetry where the low:
angle threshold is 15°. For the fiber-textured microstructures, the
curves are truncated at the minimum valuepadchievable as ex-
plained in the text.

also be shown to validate the usemfis a microstructural
state variable.

C. Topology of simulated interfacial networks

As described in the Introduction, the topology of a realis-
tic interfacial network can differ greatly from that of a ran-
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dom network. To illustrate this point, we have constructed
networks of interfaces using the typical approach of percola-
tion theory, whereby each interface is assigned as low angle
or high angle with probabilityp or g, respectively, without
regard for crystallography. The constraining effects of crys-
tallography can then be appreciated qualitatively by direct
observation of the spatial distribution of high-angle bound-
aries on two-dimensional lattices. In Fig. 6, the high-angle
boundaries are highlighted on small hexagonal lattices with
p=0.5 and 0.7 for grain boundary networks that were as-
sembled both randomly and using the crystallographically
consistent methods described earlier. In the randomly as-
sembled lattice§Figs. Ga) and &d)], the spatial distribution

of high-angle boundaries is expectedly uniform, with no ob-
vious tendency to cluster beyond that which occurs by
chance. In contrast, the high-angle boundaries in the crystal-

lographically constrained networks tend to cluster together,

espemally in the form of long stringld=ig. 6(b)] or small,
complete ringgFig. 6(c)]. In these lattices, whether they are
for the fiber or general textur@e., with or without a shared
crystallographic axis there are large regions in which only
low-angle boundaries exist; enforcing consistent crystallog-
raphy results in a patchier grain boundary network.

The clustering tendency observed above may be quanti-
fied by considering the triple-junction distributions, which
are given in Fig. 7 for the crystallographically consistent
lattices with both fiber and general textures. These curves
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FIG. 6. Spatial distribution of high-angle boundaries jfor 0.5 (top row) and 0.7(bottom row on small, two-dimensional hexagonal

lattices that were assembled randortay, (d) or with crystallographic

consistengyb), (e) fiber texture,(c), (f) general texturg
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TABLE I. Percolation thresholds for a continuous path of low-
1 angle Q. ag) or high-angle p. yag) boundaries for both fiber and

general textured microstructures, as determined on lattices with
108 1000 grains per side. Variation in crystal symmegybic, hexago-
nal, or tetragonaland low-angle threshold#=2°-15°) has no
106 .
3, ], effect on the percolation threshold.
104
6
102 (deg  pc,Las (£0.005)  pc pag (+0.005)
? Random lattice 0.653 0.347
General texture
0.8} 1t 10.8 Cubic 15 0.664 0.324
Hexagonal 15 0.664 0.324
L 11 AR ; Tetragonal 15 0.663 0.324
) {04 Fiber texture
A/ Cubic 15 0.687 0.399
% 102 Hexagonal 15 0.687 a
vl , , 0 Tetragonal 15 0.687 0.399
0 02 04 » 06 08 1 Tetragonal 10 0.687 0.399
Tetragonal 8 0.686 0.399
FIG. 7. Triple-junction distribution for simulated microstruc- Tetragonal 6 0.687 0.400
tures with crystallographic consisten@jber texture, dashed lines; Tetragonal 4 0.687 0.400
general texture, solid lingsAlso shown are the experimental triple- Tetragonal 2 0.687 0.399

junction distributions, where the symbols are the same as in Fig. L
#The minimum low-angle fraction that can be achieved is 50%,

should be compared with those in Fig. 1 for the random casegiven by the symmetry of the structure and the low-angle thresh-

The population o8, junctions(two low-angle boundarig¢sn old, such that there will never be a continuous path of high-angle

both types of constrained lattices is considerably diminishedygundaries.

with respect to the random lattices, while there is a relative

increase in the population al; junctions. In the fiber- mum achievable low-angle fraction is1/T, since texture

textured microstructures, there is a significant increase in theomponents are usually separated by more #han15° of

fraction of J; junctions as well. These results quantitatively rotation.

capture the clustering observed in Figéh)6 6(c), 6(e), and The deviation of the triple-junction distributions in Fig. 7

6(f) where there are few junctions coordinated by only onefrom the random populations in Fig. 1 is due to the crystal-

high-angle boundaryJ; junctions, which appear as “dan- lographic consistency required by Ed). Using the crystal-

gling bonds” in Fig. 6. lographic constraint of Eq1), we have recently derived the
An important point that is not explicitly observed in Fig. 7 relationship that governs the disorientations of grain bound-

is that the triple-junction distributions have been determinedries at a triple junction 43

for lattices with cubic, hexagonal, and tetragonal symmetry,

and we find that crystal symmetry has measurable effect Omax= 011 02, 3

on this distribution among the centrosymmetric crystal sysyyhere fmae iS the maximum disorientation of the three

tems. Furthermore, the triple-junction distributions in Fig. 7 ndaries at the junction ang{ and ¢, are the other two
are also found to be independent of the low-angle boundary;srientations. Accordingly, if two of the boundariésg.,

thresholdg;. Changes ing; affect the sharpness of texture  anq4,) have low disorientation angles, it is unlikely that

required to produce a given low-angle fractiprbut do ot yheir sum will exceed the low-angle boundary threshold, re-

change the network topology in a fundamental way. Thisting in relatively few junctions coordinated by two low-
result supports the use pfas a state variable. Furthermore, angle boundaries.

the invariance of the triple-junction distribution with changes
in 6, or even crystal symmetry suggests that the curves in
Fig. 7 can be regarded essentially as universal expectation
curves for any polycrystal. This explains why many indepen- The percolation thresholds we have identified for 2D
dent experiments lie on common curves in Fig. 7, and in facpolycrystals with various textures, crystal symmetries, and
the simulation results match quite closely with the collectedow-angle thresholds are summarized in Table I. Here we
data. Although these simulations have modeled a singlehave tabulated the percolation threshold for a continuous
component texture, very similar triple-junction distributions path of low-angle boundaries, callgd g, as well as the
can also be expected for multicomponent textures which, itomplementary threshold at which there is no longer a con-
the present context, would be superpositions of these singléinuous path of high-angle boundarigg, s . As we found
texture component results. However, in a homogeneous mabove with respect to the triple-junction distributions, there
crostructure withT distinct texture components, the maxi- is no effect of crystal structure of, on either percolation

D. Percolation thresholds
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threshold within the accuracy of this stu@fable ). Further-  angle boundaries. If all boundaries have a probabpitgf
more, all of the values op. identified here for polycrystals being assigned as low-angle boundaries, then the triple-
are distinctly different from those observed in random lat-junction distribution is given by Eq2). However, as we will
tices. For example, values gf. Ag~0.687 andp.uag  show explicitly in what follows, around triple junctions that
~0.399 were found for fiber textures, which are differentobey the constraint of Eq(l), the probabilities for each
from the respective values 0.653 and 0.347 in the randorgoundary assignment are not independent, and these local
case. It is also interesting to note that the enforcement O;Brobabilities depend not only on how many of the three
crystallographic constraint breaks the symmetry normallyygundaries have been assigned, but on their character as
seen in percolation problems; whereps ag=1—PcHae  well. For example, the first grain boundary at any triple junc-
for a random lattice, this is not generally true in polycrystals.;o can be assigned a misorientation on a truly random basis
The deviations ofy. in Table | from the random cases are | i o probabilityp of being assigned as a low-angle bound-

consistent with _the t.rlple-Junc.t|or'1 distribution n F|g. 7 and ary. Once the first boundary at the triple junction has been
also can be rationalized qualitatively by examination of the

networks in Fig. 6. For example, for polycrystals with a fiberassigned, however, there exists a limited range of misorien-
texture we findp, yas=0.398+ 0.005, higher than that of a tations that the second boundary may take on, such that its

. . eing assigned as a low-angle boundary is dependent on the
Lai\ng_c;rrr: I|aettlcrgir?tb?)f:d?érgst?ne Fsia(rg;htflir;leé (t:r:)isri‘ggrv;g:( Otl(;isorientation of the first boundary. Furthermore, once the
st?in iergstrl?cture than does the ra?qdom network in Fid) 6y first two boundaries have been assigned, the disorientation of
1ing : : : '~ . _the third boundary is fixed by the crystallographic constraint
with longer chains of high-angle boundaries and fewer grain

. X . : Eqg. (1)]. In order to find the triple-junction distribution in a
surrounded by hlgh-anglg b_ogndarl_es. This qha_mge_m tOpO(E':rystallographically consistent lattice, we seek expressions
ogy corresponds to a significant increaseJin junctions

above the random valugig. 7), and the tendency of high- l;or thtesg_ Ito_csl t_transflt:on prot;abk;htlesoi d_efmetd E;% lth_e
angle boundaries to assemble into long chains slightly regensity distribution of flow-angie boundaries at a triple junc-
on wherey (=0, 1, or 2 boundaries have been assigned,

duces the population needed for a spanning cluster. In th : o k
case of general textura ~0.324 is somewhalower <vy) of which have been classified as low-angle boundaries.
GHAE In terms of these probabilitieBY, which are order depen-

than the random value of 0.347, which is a result of a ten e : S T
dency to form large clusters rather than strings. In Fig),6 9€nt the triple-junction distribution is given as
it is clear that both the low- and high-angle boundaries tend 4 T10via Trlviq 172
to cluster with like boundaries, corresponding to an increase Jo= (1= 1) (1~ 1lp) (1~ 1), (43
in Jo and J3 junctions over the random distributions and a
supgressiorgw ]o:ﬂl andJ, junctions. 31=Hg(1=T)(1~ 115 + (1~ M) M1~ TT))

With regard to the percolation thresholds for low-angle +(1-T19)(1- 313, (4b)
boundaries, both fiber and general textures exhibit a thresh-

old p Ag~0.67-0.69, higher than the expected value of J2=HSH}(l—H%)+H8(1—H1)H§+(1—H8)H$H2,

Pc.Las=0.653 for a randomly assembled lattice. This result (40)
implies that a relative excess of low-angle boundaries is
needed for a continuous path to develop and results from the Jszﬂgniﬂg_ (4d)

scarcity ofJ, junctions seen in these structurgsgs. Ge) )
and Gf)]. Since thel, junctions most facilitate the connec- The expressions fal; andJ, each have three terms, as there
tivity of low-angle boundaries across the lattice, crystallo-&re three possible configurations for each junction tgpg.,
graphic suppression of these junctions requpggag to in- the single low-angle boundary inJ junction could be as-
crease. ’ sociated with either the first, second, or third boundahy
the unconstrained system when all boundaries are assigned

IV. ANALYTICAL MODEL randomly, there is no order dependence as to whether any

given boundary will be assigned as low angle—i.e.,I&]

In Secs. I anq lll, we have shown through a survey 0f=p—and Eq.(4) reduces to the form of the random triple-
experimental grain boundary networks and computer S'mUIa]'unction distribution of Eq(2). We note that Eq(4) repre-

tions that the percolation behavior and local trlple-JuncuonSents a generalization of the method used by Mirichl. in

st losed-f tical solufi for th %heir study of triple junctions in CSL network8 Those au-
exist no closed-iorm analytical solutions for these nonrany,, s 5ssymed that the first two boundaries at a triple junc-
dom distributions, however. In what follows, we will develop

S : . tion could be assigned a character at random and introduced
such a solution in the case of fiber-textured microstructure

: . ! - Jocal transition probabilities for the assignment of the third
whgre the grain b'oundary dlso.rlentatlons have a r'g'd.conboundary [12). As we will demonstrate presently for the
straint. Our analytical results will also offer physical insight X . . ;

into the role of crystallographic constraints on the topologycaSe of I.OW_ and high-angle poun(_iarles, all six terrfig)(
of interfacial networks. are required and can be obtained in closed form.

A. Analytical approach B. Relationship among the global variables

The triple-junction distribution);, as described in Sec. To simplify the analytical treatment, we confine our atten-
IIC, gives the fraction of junctions coordinated Ibylow-  tion to the case of the ideal fiber-textured material, such that
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GC ea 1 — ==
¢B F( d)) _ 2¢maxa d)max\ ¢\ ¢maX1 (8)
0, otherwise,

where the subscript o has been omitted, since E(B)

(I)A (I)C applies to all three grain, B, andC. If we substitute forpb 5
according to Eq(5) such thatpg is the only remaining vari-
able, Eq.(7) becomes

0, F00= | FloctdoF(d0dde. @

FIG. 8. Labeling scheme for angles at a triple junctig; are  Introducing Eq.(8) and integrating now yields the global
grain orientations which occupy the range éax, émay, While 6, density distribution of boundary disorientations:
are grain boundary disorientations and exist on the range

-2 maxv2 max/+ 1
( ¢ P —(2¢max+0)7 _2¢’max$0$0-

A
the state of each grain is fully specified by a single in-plane _ 1max
orientation angle. The geometry and nomenclature of the F(0)= — o 2bma—0), 0=<0=<2¢mnax (10)
system is shown schematically in Fig. 8. The orientations of Apmax T
the three graing\, B, andC that meet at the triple junction 0, otherwise.

are labeledp,, ¢, and¢c, and may assume any value on _ o _ _ _
the range € dmax Pmay)- These angles represent in-plane ro-Again, no subscript is given foA, since .thIS r_esult applies for
tations about a line parallel to the triple-junction axis. The@ny of the boundaries at the triple junction. If an angular
grain boundary disorientation angles afg, 6,, and 6., thresholdé, is then applied below which boundaries are plas-
where, as a convention, boundaayis taken to be opposite Sified as low angle, the global low-angle boundary fracpon
grainA (Fig. 8). Although disorientation angles are typically can be found as the fraction of boundaries in the global dis-
unsigned, the derivation to follow is simplified by allowing tribution with absolute disorientations less th@n
both positive and negative disorientations. Then, because all "
grains share a common axis, the grain boundary disorienta- fﬁGtF(a)da
tions may be found as the difference between the orientations p= m (12)
of neighboring grains, e.g., o

If Eq. (11) is applied to the density distribution in E(LO),

0= pp— bz, (5)  the resulting global low-angle fraction is obtained in terms of
et and ¢max:
and may take any value on the rangeZ¢max2@may- The
angle ¢ax, as before, controls the sharpness of the texture b _ 0 \? (12)
and also the range of grain boundary disorientation angles in P= Pmax \2Pmax)

the interfacial network. The grain boundary disorientations

are defined around a clockwise circuit and therefore are COHI is now evident from Eq(12) how, for a given. low-angle
strained by the relationship threshold 6;, the value of the low-angle fraction may be

adjusted by redefining the orientation tolerantg,,. The
©6) simulated interfacial networks described earlier match ex-
actly the global distributions described above as well as the

In Sec. 11 C, the crystallographic constraint was given by thetrénd of Eq.(12) (cf. Fig. 5.
inequality of Eq.(3); when the grains share a common rota-

0a+ 6b+ GC: 0.

tion axis, the equation simplifies to an equality, and @}is C. Local transition probabilities
simply E_q_. (3) when the. interface disorientations may take | is important to note that Eq$10) and (12) define the
both positive and negative values. global disorientation density distribution and low-angle

The distribution of grain boundary disorientations may poundary fraction, properties that are averaged over a large
now be obtained through convolution of the grain orientationensemple. Therefore, within the same framework used
distributions as above, we now develop analytical expressions for the local

density distribution functionsI3 by considering the role of
_ |- the crystallographic constraint on the distributidng&d) at
F(6,)= F F d¢g, 7 S S : .
(6c) f_m ($a)F(d5)dds D individual triple junctions. Our procedure will be as follows.
Starting with the generic triple junction in Fig. 8, we first
where F(«) is the global density distribution of either an assign two of the three degrees of freedom of the system by
orientation or disorientation angte Since grain orientations making a choice as to the disorientation of boundaryVe
are assigned at randoifa( ¢) is a uniform distribution: then derive the effect that this has on the subsequent choice

134115-8
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of a second disorientatiof}, by determining the density dis-
tribution functionf(6,) at a given value of),, from which
the global distributior(6,) may subsequently be obtained.
When these two misorientations are chosen, the tifiyd,is
given explicitly by Eq.(6).

To begin, we assume a unique and known value#for
fixing the relationship betweettgz and ¢. Then, the range
of allowed values forgc (bounded bydc min and ¢e may
may be found from Eq(5) by noting that¢g exists on the

range (_ ¢maxa¢max):

be ma ’ o o (138
© max ¢max_ eaa 0a>0-
- d’max_ 0aa 9a$01
¢C,min: [ . (13b)
Drmax: 0,>0.

Equation(13) indicates that the random assignment of one
disorientationf, already places a restriction upon the re-
maining degree of freedom in the system; instead of bein

randomly distributed on the range- (@ max: Pmax, Pc distrib-
utes only over the ranges given in E3). We now seek the
density distribution ofg,, for a known value of,, which is
denoted ad(#6,) to distinguish it from the global density
distribution F(6,,). The functionf(6y,) is defined implicitly
by the fact that when integrated over all acceptable values
0,, ityields F(6p):

F(0b)=£:cf(0b)d0a. (14)

The distributionf (6,) can be found through the convolu-
tion of F(¢a) with F(¢¢), which is a uniform random dis-
tribution on the range given in E¢13):

F(0a)

2¢n

which is readily soluble; whe®,<0,

0, - 2¢ma><< 0b< - 2¢max_ '9a )
2¢max+ 0a+ Hb [ 2¢max_ 0a< 0b<01
2¢maxt 02, 0<6,<—180,,

2‘Zsmax_ 0b v 6a< 6b<2¢maxv

¢max
()= g | " ROt dddn, (19

f(0)= 2
(168

and whené,>0,

2¢max+ ab [ 2¢max< 9b< - aa ’
2¢ma><_ aaa - 0a< 0b<0v

2¢max_ ea_ ab , 0< 0b<2d’max_ Haa
0, 2¢max— 02a<0p,<2max-

f(ab):—2¢ .

(16b)

In order to validate Eqg16), we apply Eq(14) and recover
the global density distribution in E¢10). Equationg16) are
critical in determining the final triple-junction distribution, as
they give the distribution o, for a given value o#,. Once

PHYSICAL REVIEW B 69, 134115(2004

the first two disorientations are assigned, the third is given
explicitly by Eq. (6), and its density distribution i$(6,)
=f(— 6,— 0,). The net distribution& (#) are obtained from
the locally constrained oneg ) using Eq.(14).

With the local density distributions determined at a given
triple junction, we now need to identify what fraction of
them will be classified as low-angle boundaries and derive
the global coordination among such boundaries. To this end,
we now divide the global distributions(6) into several
complementary distributions}, in which y boundaries have
been previously assigne#,of which were assigned a low-
angle classification. This is merely a convenient separation
of the subdistributions of different low- and high-angle co-
ordinations, and the full distribution can be easily recovered
from

y
XZO FY(0)=F(6) 17

Yor any given value ofy (= 0, 1, or 2. There are six func-

tions F) (wherey ranges from 0 to 2 and ranges from 0 to
y) which we omit here for the sake of brevity, but which are
all readily derived in closed form through the use of Egs.
(14) and (16). Then the local transition probabilitid$) can

(}?e found with the same construction that was used in deter-

mining the global low-angle fraction:

I, Fie)de
M= (19
e Fye)de
To clarify the method, consider the distributiﬁﬁ(aa), the
distribution of #, given no previously assigned boundaries;
this distribution is given exactly by Eq10). Applying Eq.
(18) to Eq. (10), I1J is found to equap. Evaluation of Eq.
(18) for all possible triple-junction coordinations yields the
following analytical expressions fofl} in terms of q=1
o=1-q, (199
1— 6q1/2+ 15q_ 1m3/2
3q '
3_2ql/2

p<<0.75,

5= (19b)

, p>0.75,

2+8g"*-10q

WZ—, p<075,

;= 3_6q+2q3/2 (199

3-3g , p>0.75,

2— 12917+ 240 — 1403 078
m2—{ —1+6q-1q+ 107> P=7" g

0= 9d
1, p>0.75,
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1
/ 0.8
0.8} 7
1 7 0.6
m J,
L 067 N/ .
X Z \H(l)
04r
02r
p
0 FIG. 10. Analytical triple-junction distribution for fiber-textured
1 ' ' ' ' microstructure given by Eq$4) and (19) (solid line). Also shown
// are the simulated fiber-textured microstructuigsints and the dis-
081 L’ 1 tribution for a random lattice as given by E@®) (dashed lines
3/ ’ - o
,06¢ ? /’ 1 exactly equal tg. Deviations ofl1}, from p indicate that the
IT, IT; e crystallographic constraint creates triple junctions with low-
04} N // o angle boundaries moréor lesg frequently than expected.
Ad I Where any of the curveld}, lies abovep, it is more likely for
02+ 4 1 a low-angle boundary to coordinate the junction, while if it
falls belowp, a high-angle boundary is more likely.
0 : : : : As the number of previously assigned boundaries in-
0 0z 04 p 06 08 1 creases from 0 to 2, the constraint on the system increases, as

Eqg. (6) must be strictly obeyed. For example, the distribu-
FIG. 9. Local transition probabilitie§I}, for y=0 (a), y=1  tions Hi are only weakly constrained by the assignment of
(b), andy =2 (c), which give the local probability of assigning the the first boundary; in Fig. @), T15 and I deviate only
next boundary as a low-angle boundary. The expectation value for glightly from p. While the range ofé, is limited for any
random lattice is given by the dashed lind;=p. Deviations  gpecific 9, [Eq. (6)], there is only a small effect when inte-
above this line indicate that a low-angle boundary is more likely tograted over all values of,. If the first boundary(a) is a
a -

coordinate the junction, while deviations below indicate a Iowerhigh-angle boundary, the density distribution of the second

probability. boundary(b) is weighted such that boundaries with high dis-
e orientation angles are more probafjies., [I5<p in Fig.
1-597"+4q p<0.75 9(b).] Similarly, if the first boundary is a low-angle bound-
, ) ~1t 5q"*-10q’ S ary, there is a slight tendency for another low-angle boundary
= 3—4q12 (199 to coordinate the junctiofi.e., H}>p in Fig. 9b)]. In both
3—2q™ p>0.75, cases the density distribution of the second boundanpois
random, but its deviation frorfil1=p is rather small.
3+6q2 The most dominant effects of the crystallographic con-
——p, Pp<0.75, straint appear after two boundaries have been previously as-
2= 2+10q (199) signed. Unlike when only, had been assigned arig was
2 3-9q+6qg°? still relatively free, the assignment @f, and 6,, necessarily
3-6q+ 2472 p=>0.75. fixes 0, [Eq. (6)]. Therefore, for a giverd, and 6, there

will be only one 6. allowed, representing a much stricter
These functions are plotted in Fig. 9 for all values of theconstraint on possible triple-junction combinations. This is
low-angle fraction. For a randomly assembled grain boundseen as the density distribution functioH§ [Fig. 9c)] de-
ary network, each functiodl} would equalp, which is viate significantly from the random case.
shown as a dashed line in Fig. 9. In these graphs, it is clear With the expressions folT} in hand, a full closed-form
that only the first boundary may be assigned randoﬂ&is solution for the triple-junction distribution is obtained by in-
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troducing them into Eg4). In Fig. 10, this solution fod; is  tions in the networks. The presence of two low-angle bound-
shown by the solid lines, while the data points are the resultaries strongly promotes the presence of a third, so dphat
of computer simulations. Shown for comparison as dasheflinctions are produced infrequently whilg junctions are
lines are the random distributions of Ed®). Clearly, the profuse.

analytical model and computer simulations give identical re-

sults, distinctly different from the purely probabilistic ap-

proach. To our knowledge, this is the first closed-form ana- V. CONCLUSIONS
lytical solution for the triple-junction distribution of a ) _ _
polycrystal. Standard percolation theory, in which bonds are randomly

The analytical derivation oflY also gives significant in- @ssigned as “strong” or “weak” links, has been shown to be

sight into the crystallographic constraints in polycrystals, esinsufficient for modeling networks of low- and high-angle

pecially with regard to the assignment of the third boundarynterfaces in polycrystals. Both 2D computer simulations and
T2 a new assessment of existing experimental data have re-
o

vealed a nonrandom distribution of triple-junction types, an
indication that topological correlations are present. We have
shown how this nonrandom behavior is due to local crystal-
lographic constraints at triple junctions and identified the
corresponding shifts in the percolation thresholds. An ana-
lytical model was developed for fiber-textured microstruc-
tures and a closed-form analytical expression for the triple-
junction distribution derived. By identifying local transition
probabilities for the assignment of low-angle boundaries at a
triple junction, we obtain new insight into the nature of the
crystallographic constraint.

(i) In Fig. Yc), for all values of the low-angle fractimﬁ[%
is greater tham, such that if two high-angle boundaries co-
ordinate a junction, it is likely that the third boundary will be
a low-angle boundary. This is manifested in the triple-
junction distribution(Fig. 10 by an increase id, junctions
and a reduction iy junctions. Whenp=0.75 (6;= dmay »
Héz 1 and there cannot be ady junctions(two high-angle
boundaries will always result in a low-angle boundary
Since boundariea andb have been assigned as high-angle
boundaries,f, must be less thamb, (and therefored,)
according to Eq(6).

(ii) For all values ofp, Hi is lower than the expected
random value, meaning that at junctions coordinated by one
low- and one high-angle boundary, the third boundary will
frequently be a high-angle boundary. This constraint in- This work was supported by both the Chemistry and Ma-
creases the population df junctions further, while decreas- terials Sciences Directorate of Lawrence Livermore National
ing the population ofl, junctions. Laboratory and the National Science Foundation under Con-

(i) The deviation ofH% above the lindl}=p contrib-  tract No. DMR-0346848 although the views expressed here
utes more strongly to the decreased populatiod-ofunc-  are not endorsed by the sponsors.
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