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Percolation and statistical properties of low- and high-angle interface networks
in polycrystalline ensembles
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Percolation theory is often used to model intergranular or transgranular phenomena in polycrystals by
treating low- and high-angle interfaces as strong and weak links, respectively. Here we demonstrate that
triple-junction coordinations and percolation thresholds of such interfacial networks are significantly different
from those of randomly assembled lattices, which invalidates the use of standard percolation theory for these
problems. This departure is due to local crystallographic constraints for low- and high-angle boundary coor-
dinations at triple junctions, which we understand here through~i! two-dimensional simulations of polycrystals
with various textures and~ii ! an analytical model using local transition probabilities. Both methods capture the
tendency for high-angle boundaries to cluster, and the computational method also provides percolation thresh-
old values for general and fiber-textured microstructures.

DOI: 10.1103/PhysRevB.69.134115 PACS number~s!: 61.72.Mm, 64.60.Ak
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I. INTRODUCTION

Percolation theory is widely used to describe the struct
and properties of polycrystalline materials, particularly f
properties governed by interfaces that may be reason
modeled as a network of ‘‘strong links’’ and ‘‘weak links’’ in
the microstructure. Both intergranular and transgranu
transport problems have been addressed in the framewo
percolation theory and relate to nearly every field of co
densed matter physics and materials science:

~i! Intergranular processes are those controlled by
transport of chemical species or defects~i.e., cracks! along
the grain boundaries and include cracking,1–3 corrosion,4–9

electromigration,10,11 dynamic embrittlement,12,13 grain
boundary wetting,14 surface segregation,15 and conductivity
of dispersed ionic conductors.16

~ii ! Transgranular phenomena are those in which
transport process occurs across the interfacial network
cluding conductivity,17,18 superconductivity,19–23 cleavage
cracking,24–26 and magnetoresistance.27

In the two-dimensional~2D! approximation, intergranula
phenomena have been modeled with a standard bond p
lation approach, while transgranular phenomena are mod
within the same framework using the concept of the d
lattice.28 In nearly all probabilistic and percolation-base
models of microstructures such as those cited above, the
terfacial networks are modeled on a random basis, wh
bonds are assigned as strong or weak links, using only
fraction of each type as a microstructural state variable.
assumption that bonds are randomly assigned is fundam
to standard percolation theory, and it has only recently b
appreciated that interfacial networks in polycrystalline e
sembles cannot be described in this way due to intrinsic
relations imposed by crystallographic constraints. These c
straints result in a network of grain boundaries that
distinctly different from a randomly assembled network
requiring that interfacial misorientations be conserv
around any closed circuit through the microstructure. T
condition imposes a constraint around any triple junction
the microstructure; for interfaces described by a misorien
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tion matrixM , the grain boundariesA, B, andC that coordi-
nate a triple junction must obey the crystallographic co
straint

MAMBMC5I , ~1!

whereMX is the misorientation matrix of boundaryX and I
is the identity matrix.29

In polycrystalline ensembles, the properties of interfac
are largely derived from their misorientations, so the clas
fication of interfaces as ‘‘strong’’ or ‘‘weak’’ links is contex
dependent. For example, low-angle interfaces may
deemed favorable, and therefore any interface with a dis
entation below a given threshold value will be labeled a
strong link, while all other interfaces are labeled as we
links. Other schemes may classify interfaces based on t
ability to transmit dislocation slip between neighborin
grains30–32 or on their proximity to a coincidence site lattic
~CSL! relationship.33–35 In any of these cases, the constra
of Eq. ~1! must hold, but the details of connectivity amon
strong- and weak-link interfaces will depend upon the cl
sification scheme used. To date, the effect of crystallograp
constraints on the percolation behavior of interfacial n
works has only been appreciated for the case where in
faces are classified as CSL~strong link! or non-CSL~weak
link!. In this case, the deviations from standard percolat
theory were first suggested by unexpected correlati
among CSL and non-CSL boundaries at triple junctions~i.e.,
the triple-junction distribution! observed in experiments.36,37

Subsequent Monte Carlo simulations of 2D microstructu
incorporated crystallographic constraints for CSL bounda
and identified the percolation threshold for a continuous p
of non-CSL boundaries to bepc;0.4– 0.5~Ref. 38!, greater
than the threshold on a random lattice,pc'0.347.

Although the above works on networks of CSL gra
boundaries have demonstrated the inadequacy of stan
percolation theory for interfacial networks, the results can
be easily generalized to other interfacial classificat
schemes. For example, the common division of grain bou
aries into low- and high-angle varieties is known to correl
©2004 The American Physical Society15-1
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with changes in their structure, energetics, and properties
virtually any material. With the exception of our recent pr
liminary report about percolation in tetragon
superconductors,39 no works have identified the role of crys
tallographic constraints on the connectivity and percolat
behavior of low- and high-angle grain boundary networ
The purpose of this paper is therefore to present a system
exploration of these issues for cubic, hexagonal, and tet
onal polycrystals assembled in two-dimensional lattices
Sec. II, we first present a survey of existing experimen
data collected on many different materials of various sy
metries, whose interfaces are classified as being either lo
high angle. Extracting the experimental triple-junction dist
butions from these materials, we demonstrate that they
nonrandom and motivate the need for a crystallographic
consistent theory of interfacial networks. In Sec. III, w
present computer simulations that rationalize the experim
tal data and identify the percolation thresholds for interfac
networks. Finally, in Sec. IV, we develop a closed-form an
lytical solution for the triple-junction distribution in a crys
tallographically constrained fiber-textured polycrystal. Bo
the simulations and analytical model provide physical insi
into how local constraints influence the global netwo
topology.

II. SURVEY OF EXPERIMENTAL GRAIN BOUNDARY
NETWORKS

The triple-junction distribution37,38,40–43is a statistical de-
scription of the interfacial network connectivity and is give
by the fraction of junctionsJi , which are coordinated byi
~50, 1, 2, or 3! low-angle boundaries. In a random asse
blage of boundaries where each has the same probabilityp of
being low angle, the complete triple-junction distribution
given by

J05~12p!3, ~2a!

J153p~12p!2, ~2b!

J253p2~12p!, ~2c!

J35p3. ~2d!

This distribution is shown by the lines in Fig. 1. To ascerta
whether experimental microstructures follow this distrib
tion, we have acquired the triple-junction distribution fro
experimental microstructures presented by other researc
studying low- and high-angle grain boundary networks.44–57

The experimental data in Fig. 1 were taken from a w
variety of materials and crystal systems, including pure m
als, intermetallic alloys, and superconducting oxides. Ad
tionally, the definition of what constitutes a low-ang
boundary varies among these studies, with the disorienta
thresholdu t ranging from 4° to 15° as noted in the legen
Despite these differences, these independent data sets a
on reasonably common trend lines in Fig. 1. Furthermo
the collected data clearly do not follow the expected rand
distribution, showing a significant reduction ofJ2 junctions
and a concurrent increase inJ3 junctions. These deviation
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have never been explicitly noted before for the case of lo
and high-angle interfaces, and are symptomatic of an un
lying topological constraint which affects the local interfac
connectivity. These data underscore the fact that stand
percolation models cannot be applied to networks of lo
and high-angle interfaces; instead, new crystallographic
consistent models are required, as discussed below.

III. COMPUTATIONAL MODEL

A. Simulation procedures

To study the network topology and percolation behav
of low- and high-angle grain boundaries in polycrystalli

FIG. 1. Triple-junction distributions from existing experiment
data ~points!, covering a range of materials and crystal system
including pure metals, intermetallic alloys, and superconducting
ides, with low-angle thresholdsu t between 4° and 15°. These da
are compared to the triple-junction distribution for a random ass
blage of boundaries as given by Eq.~2! ~solid lines!.
5-2
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PERCOLATION AND STATISTICAL PROPERTIES OF . . . PHYSICAL REVIEW B 69, 134115 ~2004!
ensembles, we construct two-dimensional lattices in wh
each grain has six nearest neighbors and all nodes of
interfacial network are triple junctions. The crystal structu
of the grains was taken to be either cubic, hexagonal
tetragonal, and one of two different methods was used
assign orientations to each grain:

~i! In the first method, all grains were initially assigne
the same orientation and then individually rotated random
within a prescribed tolerancefmax about a common, high
symmetry axis. The resulting microstructures resemble
fect fiber textures and can be compared with, e.g., epita
films or extruded materials. As will be seen later, this si
plified microstructure also admits an analytical solution
the triple-junction distribution.

~ii ! In the second method, each grain was assigned
orientation within a prescribed tolerancefmax of a reference
orientation, in such a manner as to give uniform coverage
orientation space within the region prescribed byfmax. This
procedure creates a single, unspecified texture compone
the structure~e.g., a ‘‘cube texture’’ in cubic lattices!. Since
many textures can be described as superpositions of ju
few select components, this case allows ready extensio
many practical situations and is also expected to comp
with the experimental data assembled above.

In the discussion to follow, we refer to the above cases
‘‘fiber texture’’ and ‘‘general texture,’’ respectively. For bot
cases, the strength of the texture was controlled through
choice offmax, with smaller values promoting sharper te
tures. Grain boundary disorientationsu were found for each
grain boundary in the interfacial network from the know
orientations of adjacent grains58 and then classified as eithe
low or high angle for disorientations, respectively, below
above a given thresholdu t . For most of what follows, we
have used the typical valueu t515°, although other value
from 2° to 10° have also been considered in some comp
tions. Once the binary characterization of boundaries w
complete, a standard Hoshen-Kopelman algorithm was u
to identify and track grain boundary clusters.59 Several hun-
dred lattices were constructed, and the percolation thres
was taken to be the low-angle fraction where half of t
lattices contained a percolating cluster. By increasing the
of the lattice to 1000 grains per side, this approach allow
the percolation threshold to be determined with an accur
of 60.005.

B. Characterization of simulated structures

The two-dimensional microstructures produced by
above procedures are characterized principally by the o
point statistical distribution of grain orientations, as illu
trated in standard pole figures. The control parameterfmax
directly dictates the sharpness of the texture as shown in
2, where typical discrete~100! pole figures are given fo
simulated fiber-textured tetragonal polycrystals with vario
values offmax. At high values offmax, a typical fiber tex-
ture exists in the material@Fig. 2~a!#, and lower values of
fmax promote a sharpening of the texture@Figs. 2~b! and
2~c!#, until there is almost no misalignment between gra
@Fig. 2~d!#.
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The evolution of the texture as described above also
fluences the two-point misorientation distribution of th
simulated polycrystals, as shown by the grain boundary
orientation angle distributions in Fig. 2~e!. When fmax is
small @Fig. 2~d!#, nearly all of the boundaries have disorie
tations less than 15°. Asfmax increases, the fraction o
boundaries with low disorientation angles decreases, co
sponding to a weakening of the texture. In these fib
textured microstructures, where grain rotation occurs aro
a common axis, the maximum disorientation between gra
QM , is given by the symmetry of that axis; e.g., there a
630° of unique orientation for rotation about thec axis in
hexagonal polycrystals and645° in cubic or tetragonal poly-
crystals. If the rotational tolerancefmax is less than half of
QM , the disorientation distribution is essentially a slop
line that intersects the horizontal axis at 2fmax. When 2fmax
exceedsQM , the disorientation distribution begins to lev
off, such that for very highfmax, the distribution is uniform.

The simulated microstructures with general textures
also characterized by the same statistical distributions
Fig. 3, typical discrete~001! pole figures are given for simu
lated cubic polycrystals with various values offmax. At high
values offmax @Fig. 3~a!#, a nearly random texture exists i

FIG. 2. ~100! pole figures for fiber-textured tetragonal polycry
tals with fmax545° ~a!, 20° ~b!, 13° ~c!, or 7° ~d!. The disorienta-
tion angle distributions that correspond to each texture are give
~e!.
5-3
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MEGAN FRARY AND CHRISTOPHER A. SCHUH PHYSICAL REVIEW B69, 134115 ~2004!
the material, and as before, lower values offmax sharpen the
texture @Figs. 3~b! and 3~c!# until a strong cube texture re
sults for very low fmax @Fig. 3~d!#. The evolution of the
general textured microstructures may also be seen thro
the disorientation angle distributions in Fig. 3~e!. Unlike the
case of a fiber texture where high values offmax resulted in
a uniform distribution, here an increase infmax shifts the
distribution toward the Mackenzie distribution for random
oriented cubic polycrystals.60 A similar evolution of the tex-
ture and disorientation distribution in polycrystals with he
agonal symmetry can be seen in Fig. 4. Here the (1010̄) pole
figures show a single texture component that sharpens
decreasingfmax and the concomitant shift of the disorient
tion angle distribution toward that of randomly oriented he
agonal polycrystals.61

The relationship between the texture and grain bound
character is summarized in Fig. 5. Here the sharpness o
texture is given by the rotational tolerancefmax. Similarly,
the misorientation distribution has also been collapsed in
single parameterp, the fraction of low-angle boundaries. A
shown in Fig. 5 for tetragonal, hexagonal, and cubic po
crystals with low-angle thresholdu t515°, all of the crystal

FIG. 3. ~001! pole figures for general texture in cubic polycry
tals with fmax595° ~a!, 28° ~b!, 16.5° ~c!, or 7° ~d!. The disorien-
tation angle distributions that correspond to each texture are g
in ~e!, along with the Mackenzie distribution for randomly oriente
cubic polycrystals~Ref. 60!.
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systems show similar behavior, with a minimum grain ro
tion of 7.5° required before there are any high-angle bou
aries in the microstructure. Although the form of the curv
in Fig. 5 changes with the definition of a low-angle bounda
~i.e., with choice ofu t), the important point illustrated here i
that there is a well-defined and monotonic relationship
tween the texture of the simulated polycrystals and their lo
angle boundary fraction. This intuitive result has be
reached by several prior investigators using simi
simulations51,62–64and has an important implication for th
study of network topology to follow. Specifically, percolatio
theory is framed explicitly in terms of the fractionp as well
as its complement,q[12p. Becausep is simply related to
the texture as in Fig. 5,p can be regarded, for the purposes
discussion, as the ‘‘control parameter’’ with respect to t
topology of the resulting grain boundary network. Therefo
in what follows,p is used as the principal descriptor of o
simulated interfacial networks, and it should be remembe
that p is monotonically related to the sharpness of textu
Our simulations and analytical developments that follow w

en FIG. 4. (101̄0) pole figures for general texture in hexagon
polycrystals withfmax595° ~a!, 28° ~b!, 16.5° ~c!, or 7° ~d!. The
disorientation angle distributions that correspond to each texture
given in ~e!, along with the Morawiec distribution for randoml
oriented hexagonal polycrystals~Ref. 61!.
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PERCOLATION AND STATISTICAL PROPERTIES OF . . . PHYSICAL REVIEW B 69, 134115 ~2004!
also be shown to validate the use ofp as a microstructura
state variable.

C. Topology of simulated interfacial networks

As described in the Introduction, the topology of a real
tic interfacial network can differ greatly from that of a ra

FIG. 5. Low-angle fractionp as a function of the sharpness
texture, given by the rotational tolerancefmax, for polycrystals
with cubic, hexagonal, and tetragonal symmetry where the l
angle threshold is 15°. For the fiber-textured microstructures,
curves are truncated at the minimum value ofp achievable as ex-
plained in the text.
13411
-

dom network. To illustrate this point, we have construct
networks of interfaces using the typical approach of perco
tion theory, whereby each interface is assigned as low an
or high angle with probabilityp or q, respectively, without
regard for crystallography. The constraining effects of cr
tallography can then be appreciated qualitatively by dir
observation of the spatial distribution of high-angle boun
aries on two-dimensional lattices. In Fig. 6, the high-an
boundaries are highlighted on small hexagonal lattices w
p50.5 and 0.7 for grain boundary networks that were
sembled both randomly and using the crystallographica
consistent methods described earlier. In the randomly
sembled lattices@Figs. 6~a! and 6~d!#, the spatial distribution
of high-angle boundaries is expectedly uniform, with no o
vious tendency to cluster beyond that which occurs
chance. In contrast, the high-angle boundaries in the crys
lographically constrained networks tend to cluster togeth
especially in the form of long strings@Fig. 6~b!# or small,
complete rings@Fig. 6~c!#. In these lattices, whether they a
for the fiber or general texture~i.e., with or without a shared
crystallographic axis!, there are large regions in which onl
low-angle boundaries exist; enforcing consistent crystall
raphy results in a patchier grain boundary network.

The clustering tendency observed above may be qua
fied by considering the triple-junction distributions, whic
are given in Fig. 7 for the crystallographically consiste
lattices with both fiber and general textures. These cur

-
e

l
FIG. 6. Spatial distribution of high-angle boundaries forp50.5 ~top row! and 0.7~bottom row! on small, two-dimensional hexagona
lattices that were assembled randomly~a!, ~d! or with crystallographic consistency@~b!, ~e! fiber texture,~c!, ~f! general texture#.
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MEGAN FRARY AND CHRISTOPHER A. SCHUH PHYSICAL REVIEW B69, 134115 ~2004!
should be compared with those in Fig. 1 for the random ca
The population ofJ2 junctions~two low-angle boundaries! in
both types of constrained lattices is considerably diminis
with respect to the random lattices, while there is a relat
increase in the population ofJ3 junctions. In the fiber-
textured microstructures, there is a significant increase in
fraction of J1 junctions as well. These results quantitative
capture the clustering observed in Figs. 6~b!, 6~c!, 6~e!, and
6~f! where there are few junctions coordinated by only o
high-angle boundary (J2 junctions, which appear as ‘‘dan
gling bonds’’ in Fig. 6!.

An important point that is not explicitly observed in Fig.
is that the triple-junction distributions have been determin
for lattices with cubic, hexagonal, and tetragonal symme
and we find that crystal symmetry hasno measurable effec
on this distribution among the centrosymmetric crystal s
tems. Furthermore, the triple-junction distributions in Fig
are also found to be independent of the low-angle bound
thresholdu t . Changes inu t affect the sharpness of textur
required to produce a given low-angle fractionp, but do not
change the network topology in a fundamental way. T
result supports the use ofp as a state variable. Furthermor
the invariance of the triple-junction distribution with chang
in u t or even crystal symmetry suggests that the curves
Fig. 7 can be regarded essentially as universal expecta
curves for any polycrystal. This explains why many indepe
dent experiments lie on common curves in Fig. 7, and in f
the simulation results match quite closely with the collec
data. Although these simulations have modeled a sin
component texture, very similar triple-junction distributio
can also be expected for multicomponent textures which
the present context, would be superpositions of these sin
texture component results. However, in a homogeneous
crostructure withT distinct texture components, the max

FIG. 7. Triple-junction distribution for simulated microstruc
tures with crystallographic consistency~fiber texture, dashed lines
general texture, solid lines!. Also shown are the experimental triple
junction distributions, where the symbols are the same as in Fig
13411
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mum achievable low-angle fraction is;1/T, since texture
components are usually separated by more thanu t515° of
rotation.

The deviation of the triple-junction distributions in Fig.
from the random populations in Fig. 1 is due to the cryst
lographic consistency required by Eq.~1!. Using the crystal-
lographic constraint of Eq.~1!, we have recently derived th
relationship that governs the disorientations of grain bou
aries at a triple junction as65

umax<u11u2 , ~3!

where umax is the maximum disorientation of the thre
boundaries at the junction andu1 and u2 are the other two
disorientations. Accordingly, if two of the boundaries~e.g.,
u1 andu2) have low disorientation angles, it is unlikely tha
their sum will exceed the low-angle boundary threshold,
sulting in relatively few junctions coordinated by two low
angle boundaries.

D. Percolation thresholds

The percolation thresholds we have identified for 2
polycrystals with various textures, crystal symmetries, a
low-angle thresholds are summarized in Table I. Here
have tabulated the percolation threshold for a continu
path of low-angle boundaries, calledpc,LAB , as well as the
complementary threshold at which there is no longer a c
tinuous path of high-angle boundaries,pc,HAB . As we found
above with respect to the triple-junction distributions, the
is no effect of crystal structure oru t on either percolation

1.

TABLE I. Percolation thresholds for a continuous path of low
angle (pc,LAB) or high-angle (pc,HAB) boundaries for both fiber and
general textured microstructures, as determined on lattices
1000 grains per side. Variation in crystal symmetry~cubic, hexago-
nal, or tetragonal! and low-angle threshold (u t52° – 15°) has no
effect on the percolation threshold.

u t

~deg! pc,LAB (60.005) pc,HAB (60.005)

Random lattice 0.653 0.347
General texture

Cubic 15 0.664 0.324
Hexagonal 15 0.664 0.324
Tetragonal 15 0.663 0.324

Fiber texture
Cubic 15 0.687 0.399

Hexagonal 15 0.687 a

Tetragonal 15 0.687 0.399
Tetragonal 10 0.687 0.399
Tetragonal 8 0.686 0.399
Tetragonal 6 0.687 0.400
Tetragonal 4 0.687 0.400
Tetragonal 2 0.687 0.399

aThe minimum low-angle fraction that can be achieved is 50
given by the symmetry of the structure and the low-angle thre
old, such that there will never be a continuous path of high-an
boundaries.
5-6
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PERCOLATION AND STATISTICAL PROPERTIES OF . . . PHYSICAL REVIEW B 69, 134115 ~2004!
threshold within the accuracy of this study~Table I!. Further-
more, all of the values ofpc identified here for polycrystals
are distinctly different from those observed in random l
tices. For example, values ofpc,LAB'0.687 and pc,HAB
'0.399 were found for fiber textures, which are differe
from the respective values 0.653 and 0.347 in the rand
case. It is also interesting to note that the enforcemen
crystallographic constraint breaks the symmetry norma
seen in percolation problems; whereaspc,LAB512pc,HAB
for a random lattice, this is not generally true in polycrysta

The deviations ofpc in Table I from the random cases a
consistent with the triple-junction distribution in Fig. 7 an
also can be rationalized qualitatively by examination of
networks in Fig. 6. For example, for polycrystals with a fib
texture we findpc,HAB50.39960.005, higher than that of a
random lattice at 0.347. At the same time, the network
high-angle grain boundaries in Fig. 6~e! has a considerably
stringier structure than does the random network in Fig. 6~d!,
with longer chains of high-angle boundaries and fewer gra
surrounded by high-angle boundaries. This change in to
ogy corresponds to a significant increase inJ1 junctions
above the random value~Fig. 7!, and the tendency of high
angle boundaries to assemble into long chains slightly
duces the population needed for a spanning cluster. In
case of general texture,pc,HAB'0.324 is somewhatlower
than the random value of 0.347, which is a result of a t
dency to form large clusters rather than strings. In Fig. 6~f!,
it is clear that both the low- and high-angle boundaries te
to cluster with like boundaries, corresponding to an incre
in J0 and J3 junctions over the random distributions and
suppression ofJ1 andJ2 junctions.

With regard to the percolation thresholds for low-ang
boundaries, both fiber and general textures exhibit a thre
old pc,LAB'0.67– 0.69, higher than the expected value
pc,LAB50.653 for a randomly assembled lattice. This res
implies that a relative excess of low-angle boundaries
needed for a continuous path to develop and results from
scarcity ofJ2 junctions seen in these structures@Figs. 6~e!
and 6~f!#. Since theJ2 junctions most facilitate the connec
tivity of low-angle boundaries across the lattice, crystal
graphic suppression of these junctions requirespc,LAB to in-
crease.

IV. ANALYTICAL MODEL

In Secs. II and III, we have shown through a survey
experimental grain boundary networks and computer sim
tions that the percolation behavior and local triple-juncti
distributions of polycrystals are nonrandom. There curren
exist no closed-form analytical solutions for these nonr
dom distributions, however. In what follows, we will develo
such a solution in the case of fiber-textured microstructu
where the grain boundary disorientations have a rigid c
straint. Our analytical results will also offer physical insig
into the role of crystallographic constraints on the topolo
of interfacial networks.

A. Analytical approach

The triple-junction distributionJi , as described in Sec
II C, gives the fraction of junctions coordinated byi low-
13411
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angle boundaries. If all boundaries have a probabilityp of
being assigned as low-angle boundaries, then the tri
junction distribution is given by Eq.~2!. However, as we will
show explicitly in what follows, around triple junctions tha
obey the constraint of Eq.~1!, the probabilities for each
boundary assignment are not independent, and these
probabilities depend not only on how many of the thr
boundaries have been assigned, but on their characte
well. For example, the first grain boundary at any triple jun
tion can be assigned a misorientation on a truly random b
with a probabilityp of being assigned as a low-angle boun
ary. Once the first boundary at the triple junction has be
assigned, however, there exists a limited range of misor
tations that the second boundary may take on, such tha
being assigned as a low-angle boundary is dependent on
disorientation of the first boundary. Furthermore, once
first two boundaries have been assigned, the disorientatio
the third boundary is fixed by the crystallographic constra
@Eq. ~1!#. In order to find the triple-junction distribution in a
crystallographically consistent lattice, we seek expressi
for these local transition probabilities, defined asPx

y , the
density distribution of low-angle boundaries at a triple jun
tion wherey ~50, 1, or 2! boundaries have been assignedx
(<y) of which have been classified as low-angle boundar
In terms of these probabilitiesPx

y , which are order depen
dent, the triple-junction distribution is given as

J05~12P0
0!~12P0

1!~12P0
2!, ~4a!

J15P0
0~12P1

1!~12P1
2!1~12P0

0!P0
1~12P1

2!

1~12P0
0!~12P0

1!P0
2, ~4b!

J25P0
0P1

1~12P2
2!1P0

0~12P1
1!P1

21~12P0
0!P0

1P1
2,
~4c!

J35P0
0P1

1P2
2. ~4d!

The expressions forJ1 andJ2 each have three terms, as the
are three possible configurations for each junction type~e.g.,
the single low-angle boundary in aJ1 junction could be as-
sociated with either the first, second, or third boundary!. In
the unconstrained system when all boundaries are assi
randomly, there is no order dependence as to whether
given boundary will be assigned as low angle—i.e., allPx

y

5p—and Eq.~4! reduces to the form of the random triple
junction distribution of Eq.~2!. We note that Eq.~4! repre-
sents a generalization of the method used by Minichet al. in
their study of triple junctions in CSL networks.42 Those au-
thors assumed that the first two boundaries at a triple ju
tion could be assigned a character at random and introdu
local transition probabilities for the assignment of the th
boundary (Px

2). As we will demonstrate presently for th
case of low- and high-angle boundaries, all six terms (Px

y)
are required and can be obtained in closed form.

B. Relationship among the global variables

To simplify the analytical treatment, we confine our atte
tion to the case of the ideal fiber-textured material, such t
5-7
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the state of each grain is fully specified by a single in-pla
orientation angle. The geometry and nomenclature of
system is shown schematically in Fig. 8. The orientations
the three grainsA, B, andC that meet at the triple junction
are labeledfA , fB , andfC , and may assume any value o
the range (2fmax,fmax). These angles represent in-plane r
tations about a line parallel to the triple-junction axis. T
grain boundary disorientation angles areua , ub , and uc ,
where, as a convention, boundarya is taken to be opposite
grainA ~Fig. 8!. Although disorientation angles are typical
unsigned, the derivation to follow is simplified by allowin
both positive and negative disorientations. Then, becaus
grains share a common axis, the grain boundary disorie
tions may be found as the difference between the orientat
of neighboring grains, e.g.,

uc5fA2fB , ~5!

and may take any value on the range (22fmax,2fmax). The
anglefmax, as before, controls the sharpness of the text
and also the range of grain boundary disorientation angle
the interfacial network. The grain boundary disorientatio
are defined around a clockwise circuit and therefore are c
strained by the relationship

ua1ub1uc50. ~6!

In Sec. III C, the crystallographic constraint was given by
inequality of Eq.~3!; when the grains share a common ro
tion axis, the equation simplifies to an equality, and Eq.~6! is
simply Eq. ~3! when the interface disorientations may ta
both positive and negative values.

The distribution of grain boundary disorientations m
now be obtained through convolution of the grain orientat
distributions as

F~uc!5E
2`

`

F~fA!F~fB!dfB , ~7!

where F(a) is the global density distribution of either a
orientation or disorientation anglea. Since grain orientations
are assigned at random,F(f) is a uniform distribution:

FIG. 8. Labeling scheme for angles at a triple junction;fX are
grain orientations which occupy the range (2fmax,fmax), while ux

are grain boundary disorientations and exist on the rang
(22fmax,2fmax).
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F~f!5H 1

2fmax
, 2fmax<f<fmax,

0, otherwise,

~8!

where the subscript onf has been omitted, since Eq.~8!
applies to all three grainsA, B, andC. If we substitute forfA
according to Eq.~5! such thatfB is the only remaining vari-
able, Eq.~7! becomes

F~uc!5E
2`

`

F~uc1fB!F~fB!dfB . ~9!

Introducing Eq.~8! and integrating now yields the globa
density distribution of boundary disorientations:

F~u!55
1

4fmax
2 ~2fmax1u!, 22fmax<u<0,

1

4fmax
2 ~2fmax2u!, 0<u<2fmax,

0, otherwise.

~10!

Again, no subscript is given foru, since this result applies fo
any of the boundaries at the triple junction. If an angu
thresholdu t is then applied below which boundaries are cla
sified as low angle, the global low-angle boundary fractionp
can be found as the fraction of boundaries in the global d
tribution with absolute disorientations less thanu t :

p5
*

2u t

u t F~u!du

*2`
` F~u!du

. ~11!

If Eq. ~11! is applied to the density distribution in Eq.~10!,
the resulting global low-angle fraction is obtained in terms
u t andfmax:

p5
u t

fmax
2S u t

2fmax
D 2

. ~12!

It is now evident from Eq.~12! how, for a given low-angle
thresholdu t , the value of the low-angle fraction may b
adjusted by redefining the orientation tolerancefmax. The
simulated interfacial networks described earlier match
actly the global distributions described above as well as
trend of Eq.~12! ~cf. Fig. 5!.

C. Local transition probabilities

It is important to note that Eqs.~10! and ~12! define the
global disorientation density distribution and low-ang
boundary fraction, properties that are averaged over a la
ensemble. Therefore, within the same framework u
above, we now develop analytical expressions for the lo
density distribution functionsPx

y by considering the role of
the crystallographic constraint on the distributionsF(u) at
individual triple junctions. Our procedure will be as follow
Starting with the generic triple junction in Fig. 8, we fir
assign two of the three degrees of freedom of the system
making a choice as to the disorientation of boundarya. We
then derive the effect that this has on the subsequent ch
5-8



-

d.

n
e-
in

y

s

-
-

s

en

en
f
ive
nd,

-
tion
o-
red

re
s.

ter-

s;

e

PERCOLATION AND STATISTICAL PROPERTIES OF . . . PHYSICAL REVIEW B 69, 134115 ~2004!
of a second disorientationub by determining the density dis
tribution function f (ub) at a given value ofua , from which
the global distributionF(ub) may subsequently be obtaine
When these two misorientations are chosen, the third,uc , is
given explicitly by Eq.~6!.

To begin, we assume a unique and known value forua ,
fixing the relationship betweenfB andfC . Then, the range
of allowed values forfC ~bounded byfC,min and fC,max)
may be found from Eq.~5! by noting thatfB exists on the
range (2fmax,fmax):

fC,max5H fmax, ua<0,

fmax2ua , ua.0,
~13a!

fC,min5H 2fmax2ua , ua<0,

2fmax, ua.0.
~13b!

Equation~13! indicates that the random assignment of o
disorientationua already places a restriction upon the r
maining degree of freedom in the system; instead of be
randomly distributed on the range (2fmax,fmax), fC distrib-
utes only over the ranges given in Eq.~13!. We now seek the
density distribution ofub for a known value ofua , which is
denoted asf (ub) to distinguish it from the global densit
distributionF(ub). The functionf (ub) is defined implicitly
by the fact that when integrated over all acceptable value
ua , it yields F(ub):

F~ub!5E
2`

`

f ~ub!dua . ~14!

The distributionf (ub) can be found through the convolu
tion of F(fA) with F(fC), which is a uniform random dis
tribution on the range given in Eq.~13!:

f ~ub!5
F~ua!

2fn
E

2fmax

fmax
F~ub1fA!dfA , ~15!

which is readily soluble; whenua,0,

f ~ub!5
1

2fmax5
0, 22fmax,ub,22fmax2ua ,

2fmax1ua1ub , 22fmax2ua,ub,0,

2fmax1ua , 0,ub,2ua ,

2fmax2ub , 2ua,ub,2fmax,
~16a!

and whenua.0,

f ~ub!5
1

2fmax5
2fmax1ub , 22fmax,ub,2ua ,

2fmax2ua , 2ua,ub,0,

2fmax2ua2ub , 0,ub,2fmax2ua ,

0, 2fmax2ua,ub,2fmax.
~16b!

In order to validate Eqs.~16!, we apply Eq.~14! and recover
the global density distribution in Eq.~10!. Equations~16! are
critical in determining the final triple-junction distribution, a
they give the distribution ofub for a given value ofua . Once
13411
e
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the first two disorientations are assigned, the third is giv
explicitly by Eq. ~6!, and its density distribution isf (uc)
5 f (2ua2ub). The net distributionsF(u) are obtained from
the locally constrained onesf (u) using Eq.~14!.

With the local density distributions determined at a giv
triple junction, we now need to identify what fraction o
them will be classified as low-angle boundaries and der
the global coordination among such boundaries. To this e
we now divide the global distributionsF(u) into several
complementary distributionsFx

y in which y boundaries have
been previously assigned,x of which were assigned a low
angle classification. This is merely a convenient separa
of the subdistributions of different low- and high-angle c
ordinations, and the full distribution can be easily recove
from

(
x50

y

Fx
y~u!5F~u! ~17!

for any given value ofy ~5 0, 1, or 2!. There are six func-
tions Fx

y ~wherey ranges from 0 to 2 andx ranges from 0 to
y! which we omit here for the sake of brevity, but which a
all readily derived in closed form through the use of Eq
~14! and ~16!. Then the local transition probabilitiesPx

y can
be found with the same construction that was used in de
mining the global low-angle fraction:

Px
y5

*
2u t

u t Fx
y~u!du

*
22fmax

2fmax Fx
y~u!du

. ~18!

To clarify the method, consider the distributionF0
0(ua), the

distribution of ua given no previously assigned boundarie
this distribution is given exactly by Eq.~10!. Applying Eq.
~18! to Eq. ~10!, P0

0 is found to equalp. Evaluation of Eq.
~18! for all possible triple-junction coordinations yields th
following analytical expressions forPx

y in terms of q51
2p:

P0
0512q, ~19a!

P0
15H 126q1/2115q210q3/2

3q
, p,0.75,

322q1/2

3
, p.0.75,

~19b!

P1
15H 218q1/2210q

313q1/2 , p,0.75,

326q12q3/2

323q
, p.0.75,

~19c!

P0
25H 2212q1/2124q214q3/2

2116q1/2212q110q3/2, p,0.75,

1, p.0.75,

~19d!
5-9
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P1
25H 125q1/214q

2115q1/2210q
, p,0.75,

324q1/2

322q1/2, p.0.75,

~19e!

P2
25H 316q1/2

2110q1/2, p,0.75,

329q16q3/2

326q12q3/2, p.0.75.

~19f!

These functions are plotted in Fig. 9 for all values of t
low-angle fraction. For a randomly assembled grain bou
ary network, each functionPx

y would equal p, which is
shown as a dashed line in Fig. 9. In these graphs, it is c
that only the first boundary may be assigned randomly;P0

0 is

FIG. 9. Local transition probabilitiesPx
y , for y50 ~a!, y51

~b!, andy52 ~c!, which give the local probability of assigning th
next boundary as a low-angle boundary. The expectation value
random lattice is given by the dashed line,Px

y5p. Deviations
above this line indicate that a low-angle boundary is more likely
coordinate the junction, while deviations below indicate a low
probability.
13411
-

ar

exactly equal top. Deviations ofPx
y from p indicate that the

crystallographic constraint creates triple junctions with lo
angle boundaries more~or less! frequently than expected
Where any of the curvesPx

y lies abovep, it is more likely for
a low-angle boundary to coordinate the junction, while if
falls belowp, a high-angle boundary is more likely.

As the number of previously assigned boundaries
creases from 0 to 2, the constraint on the system increase
Eq. ~6! must be strictly obeyed. For example, the distrib
tions Px

1 are only weakly constrained by the assignment
the first boundary; in Fig. 9~b!, P0

1 and P1
1 deviate only

slightly from p. While the range ofub is limited for any
specificua @Eq. ~6!#, there is only a small effect when inte
grated over all values ofua . If the first boundary~a! is a
high-angle boundary, the density distribution of the seco
boundary~b! is weighted such that boundaries with high d
orientation angles are more probable@i.e., P0

1,p in Fig.
9~b!.# Similarly, if the first boundary is a low-angle bound
ary, there is a slight tendency for another low-angle bound
to coordinate the junction@i.e., P1

1.p in Fig. 9~b!#. In both
cases the density distribution of the second boundary isnot
random, but its deviation fromPx

15p is rather small.
The most dominant effects of the crystallographic co

straint appear after two boundaries have been previously
signed. Unlike when onlyua had been assigned andub was
still relatively free, the assignment ofua andub necessarily
fixes uc @Eq. ~6!#. Therefore, for a givenua and ub , there
will be only one uc allowed, representing a much stricte
constraint on possible triple-junction combinations. This
seen as the density distribution functionsPx

2 @Fig. 9~c!# de-
viate significantly from the random case.

With the expressions forPx
y in hand, a full closed-form

solution for the triple-junction distribution is obtained by in

FIG. 10. Analytical triple-junction distribution for fiber-texture
microstructure given by Eqs.~4! and ~19! ~solid line!. Also shown
are the simulated fiber-textured microstructures~points! and the dis-
tribution for a random lattice as given by Eq.~2! ~dashed lines!.
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troducing them into Eq.~4!. In Fig. 10, this solution forJi is
shown by the solid lines, while the data points are the res
of computer simulations. Shown for comparison as das
lines are the random distributions of Eqs.~2!. Clearly, the
analytical model and computer simulations give identical
sults, distinctly different from the purely probabilistic ap
proach. To our knowledge, this is the first closed-form a
lytical solution for the triple-junction distribution of a
polycrystal.

The analytical derivation ofPx
y also gives significant in-

sight into the crystallographic constraints in polycrystals,
pecially with regard to the assignment of the third bound
Px

2.
~i! In Fig. 9~c!, for all values of the low-angle fraction,P0

2

is greater thanp, such that if two high-angle boundaries c
ordinate a junction, it is likely that the third boundary will b
a low-angle boundary. This is manifested in the trip
junction distribution~Fig. 10! by an increase inJ1 junctions
and a reduction inJ0 junctions. Whenp>0.75 (u t>fmax) ,
P0

251 and there cannot be anyJ0 junctions~two high-angle
boundaries will always result in a low-angle boundar!.
Since boundariesa andb have been assigned as high-ang
boundaries,uc must be less thanfmax ~and thereforeu t)
according to Eq.~6!.

~ii ! For all values ofp, P1
2 is lower than the expecte

random value, meaning that at junctions coordinated by
low- and one high-angle boundary, the third boundary w
frequently be a high-angle boundary. This constraint
creases the population ofJ1 junctions further, while decreas
ing the population ofJ2 junctions.

~iii ! The deviation ofP2
2 above the linePx

y5p contrib-
utes more strongly to the decreased population ofJ2 junc-
n-
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o
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tions in the networks. The presence of two low-angle bou
aries strongly promotes the presence of a third, so thaJ2
junctions are produced infrequently whileJ3 junctions are
profuse.

V. CONCLUSIONS

Standard percolation theory, in which bonds are random
assigned as ‘‘strong’’ or ‘‘weak’’ links, has been shown to b
insufficient for modeling networks of low- and high-ang
interfaces in polycrystals. Both 2D computer simulations a
a new assessment of existing experimental data have
vealed a nonrandom distribution of triple-junction types,
indication that topological correlations are present. We h
shown how this nonrandom behavior is due to local crys
lographic constraints at triple junctions and identified t
corresponding shifts in the percolation thresholds. An a
lytical model was developed for fiber-textured microstru
tures and a closed-form analytical expression for the trip
junction distribution derived. By identifying local transitio
probabilities for the assignment of low-angle boundaries a
triple junction, we obtain new insight into the nature of th
crystallographic constraint.
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